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This paper is dedicated to Professor Zbigniew Ciesielski on the occasion of his seventieth anniversary
Abstract. The purpose of multifractal analysis of functions is to determine the Hausdorff dimensions of the sets of points where a function (or a distribution) f has a given pointwise regularity exponent H. This notion has many variants depending on the global hypotheses made on f ; if f locally belongs to a Banach space E, then a family of pointwise regularity spaces C α E (x0) are constructed, leading to a notion of pointwise regularity with respect to E; the case E = L ∞ corresponds to the usual Hölder regularity, and E = L p corresponds to the T p α (x0) regularity of Calderón and Zygmund. We focus on the study of the spaces T p α (x0); in particular, we give their characterization in terms of a wavelet basis and show their invariance under standard pseudodifferential operators of order 0.
1. Introduction. Large classes of signals exhibit a very irregular behavior. In the wildest situations, this irregularity may follow different regimes, and can switch from one regime to another almost instantaneously. Precise recordings of turbulence data (which became available at the beginning of the 80s) showed that turbulence falls in this category. The techniques of multifractal signal analysis have been specifically designed to analyze such behaviors. Initially developed in the mid 80s in the context of turbulence analysis, they were applied successfully to a large range of signals, including traffic data (cars and internet), stock market prices, speech signals, texture analysis, DNA sequences, heartbeat intervals,. . . (see [1] and references therein).
In such applications, one is interested in analyzing signals whose regularity may widely change from point to point. This instability usually makes the task of determining the pointwise regularity very difficult numerically. However, points with a given regularity Then f ∈ C α (x 0 ) if there exist R > 0, C > 0, and a polynomial P of degree less than α such that if |x − x 0 | ≤ R, then |f (x) − P (x − x 0 )| ≤ C|x − x 0 | α .
The Hölder exponent of f at x 0 is h f (x 0 ) = sup{α : f ∈ C α (x 0 )}.
The Hölder exponent supplies a definition of pointwise regularity which, in many cases, is not pertinent; here are two examples of such situations (among several others):
• Mathematical results concerning multifractal analysis based on the Hölder exponent necessarily make the assumption that f is continuous, see [8] ; in many situations, one wishes to analyse discontinuous functions; an important case in applications is natural images which, because of the occlusion phenomenon (one object is partially hidden by another), always present discontinuities. There exists other settings where one has to consider non-locally bouded functions (for instance in the study of fully developed turbulence, see [1] A third motivation, based on "robustness" requirements, will be detailed in the following section; these numerical stability requirements are related to the fact that the condition f ∈ C α (x 0 ) is not invariant under simple pseudodifferential operators of order 0, and equivalently, cannot be characterized by conditions bearing on the moduli of the wavelet coefficients of f .
The main motivation of this paper is to discuss which pointwise regularity criteria should be adopted in particular in the setting of multifractal analysis. In Section 2, we describe the criteria which have been used up to now. In Section 3, we discuss which stability properties they should follow and why. In Section 4, we prove that the T p α (x 0 ) condition satisfies these stability requirements, and deduce a wavelet characterization of these spaces. In Section 5, we give consequences in multifractal analysis. Some of the results of this paper have been announced in [12] .
2. Pointwise regularity spaces. Let B(x 0 , r) denote the open ball centered at x 0 and of radius r; the condition f ∈ C α (x 0 ) can obviously be rewritten as follows: There exists a polynomial P and constants C, R > 0 such that
Therefore, we can reinterpet C α (x 0 ) as a condition describing how the L ∞ norm of f behaves in small neighbourhoods of x 0 . This point of view has two advantages: We will see that it explains why the C α (x 0 ) does not have the stability properties mentioned above (it is just a consequence of the fact that L ∞ does not possess these properties); furthermore, (2) can be immediately generalized; indeed, one can replace the local L ∞ norm by another one. For instance, using the L p norm (for 1 ≤ p < ∞) one obtains the following definition introduced by Calderón and Zygmund in 1961, see [4] .
if ∃R, C > 0 and a polynomial P of degree less than α such that
The
One immediately checks that this notion is weaker than Hölder regularity
. The drawbacks of the C α (x 0 ) criterion of smoothness disappear when one considers this notion of regularity; for instance, the Hölder exponent of a characteristic function 1 Ω only takes the value 0 along the boundary of Ω, whereas the p-exponent may change from point to point and take any nonnegative value, thus opening the way to a multifractal analysis of domains; furthermore, mathematical results concerning a multifractal analysis based on the p-exponent do not require any uniform regularity assumption, see [13] . Though Calderón and Zygmund had different motivations (their purpose was to obtain pointwise regularity results for PDEs), they were already aware that the T p α (x 0 ) condition has a better behavior with respect to simple properties (such as continuity under the action of pseudo-differential operators).
In the following, we will investigate the T p α (x 0 ) condition in details. But, for now, let us see how the notion of pointwise regularity can be extended further. It is natural to replace in (1) the space L ∞ by an arbitrary function space; let E be a Banach space of distributions (perhaps defined modulo P N , the vector space of polynomials of degree at most N ) and satisfying S 0 ֒→ E ֒→ S ′ 0 (S 0 denotes the Schwartz class of C ∞ functions f such that f and all its partial derivatives have fast decay, and all the moments of f vanish); we now assume that E is endowed with a semi-norm, which becomes a norm on
Definition 3. Let E be a space of distributions satisfying the above conditions. The two-microlocal space of order α associated with E is the space C α E (x 0 ) defined by:
The pointwise regularity exponent of f at x 0 associated with E (also called the E-
• One cannot give an a priori bound on the degree of P that would only depend on α and would insure the existence and uniqueness of P ; indeed it clearly depends on the space E chosen, as shown by the case E = L p , where one easily checks that the condition deg(P ) < α + d/p is necessary and sufficient to insure this existence and uniqueness.
• The two-microlocal space associated with L ∞ is precisely
• The way we introduce pointwise regularity differs from Y. Meyer's (Definition 1.1 of [22] ). The space E of [22] corresponds to our space C α E (x 0 ). Our motivation here is to emphasisize the duality between the "global" space E (which is usually shift invariant, L p for instance), and the corresponding pointwise regularity space C α E (x 0 ), in order to show how properties of the second can be derived from properties of the first.
• Pointwise regularity differs from the notion of local regularity at x 0 which, for Hölder spaces is defined as follows:
. This notion can be extended to scales of spaces other than C s . For instance, the case of the Besov spaces B s,p p is considered in [24, 27] .
In order to explain where the terminology of two-microlocal space comes from, we first need to recall the definition of the homogeneous Hölder spacesĊ
is the Zygmund class of continuous functions satisfying
Finally, if s < 0 then the spacesĊ
The two-microlocal spaces C s,s ′ x0 had been introduced by J.-M. Bony in order to study the propagation of singularities of the solutions of nonlinear evolution equations, see [2] . Y. Meyer showed that these spaces are exactly of the form defined above: Let
see [14, 21] .
Let us now define the corresponding notions which are relevant in multifractal analysis. The notion of dimension mostly used in multifractal analysis is the Hausdorff dimension. Let us recall its definition. Let A be a subset of IR d . For each ε > 0, let 3. Stability conditions. Before investigating general pointwise regularity criteria and the corresponding multifractal formalisms, let us come back to the initial problem we mentioned, i.e. the instability of the C α (x 0 ) condition. Indeed, the initial motivation of Calderón et Zygmund was to understand how pointwise regularity conditions are transformed in the resolution of elliptic PDEs, and they introduced the T p u (x) spaces because the standard pseudodifferential operators of order 0 are not continuous on C α (x 0 ), whereas it is the case for the T p u (x) spaces. Let us recall how this deficiency of the C α (x 0 ) condition can be shown. Consider the simplest possible singular integral operator namely, in dimension 1, the Hilbert transform; it is the convolution with the principal value of 1/x, i.e. is defined by
). An immediate computation shows that
Let now (x n ) n∈IN be a strictly decreasing sequence such that lim n→∞ x n = 0. We can pick a positive, strictly decreasing sequence a n such that f = ∞ n=1 a n 1 [xn+1,xn] is arbitrarily smooth at x 0 . Nonetheless, (6) implies that
(a n − a n+1 ) log |x − x n+1 | , which is not locally bounded near the origin, and therefore cannot have any Hölder regularity there. Note that what we really used here is the fact that the Hilbert transform is not continuous on L ∞ ; the "bad behavior" of the pointwise regularity criterion based on L ∞ follows from the corresponding "bad behavior" of L ∞ . On the opposite side, we will see that the continuity of the Hilbert transform on L p implies its continuity on the T p u (x) spaces, as a consequence of Theorem 4.
Besides the study of PDEs, another motivation appeared recently in completely different areas and led to the same concerns. Many signals or images are now stored, denoised or transmitted via their wavelet coefficients, see [19] . Therefore, if one wants to obtain information on the local regularity of signals, one needs to be able to characterize in a robust way their pointwise smoothness by conditions bearing on their wavelet coefficients. Recall that, in dimension 1, a wavelet basis is of the form 2 j/2 ψ(2 j x − k), j, k ∈ Z Z, where ψ and its derivatives up to order r are continuous and have fast decay (one speaks of r-smooth wavelets), for an r picked large enough.
The wavelet coefficients are
(we follow here the standard tradition of using an L 1 norm in the definition of the wavelet coefficients when dealing with Hölder regularity which will simplify formulas in the following by getting rid of an extra factor 2 dj/2 that would constantly come up otherwise). Instead of indexing the wavelets and wavelet coefficients by couples (j, k), we will rather use the dyadic intervals λ = [k2
, thus writting c λ instead of c j,k . What can be meant by a characterization "in a robust way"? It is natural to suppose that the criterion used is not too much perturbed if the size of each wavelet coefficient is slightly altered. The following definition encapsulates these features.
Definition 5. Let Λ be a discrete set. A norm (or a quasi-norm) on sequences (c λ ) indexed by Λ is robust if it depends only on the moduli |c λ | and if it is an increasing function in each variable |c λ |.
Another natural requirement is that the criterion used does not depend on the particular (smooth enough) wavelet basis which is picked. This implies that the infinite matrices which map a wavelet basis on another one should act in a continuous way on the spaces of sequences thus defined. Since these infinite matrices are matrices of operators which are very closely related to the pseudo-differential operators of order 0 considered by Calderón and Zygmund, see Chapter 7 of [20] , we are essentially led back to one of our previous requirements.
Let us now be more specific about these different stability requirements. We keep the discussion in dimension 1 for the sake of simplicity. We have met three different continuity requirements:
• under the action of the Hilbert transform, • under changes of wavelet bases, • under the action of pseudodifferential operators of order 0.
How can such conditions be checked, and what is their hierarchy? It is clear that the first criterion is weaker than the third one. It is also weaker that the second one for the following reason: If the 2 j/2 ψ(2 j x − k), j, k ∈ Z Z form an orthonormal basis of L 2 (IR), and ifψ denotes the Hilbert transform of ψ, then the 2 j/2ψ (2 j x − k), j, k ∈ Z Z also form an orthonormal basis of L 2 (IR), simply because the Hilbert transform is an isometry on L 2 (IR), and it commutes with translations and dilations (all these properties follow from the fact that, in the Fourier domain, the Hilbert transform is simply a multiplication by ξ/|ξ|, which is of modulus one and is homogeneous of degree 0). The second and the third conditions do not really compare, but are both implied by a fourth requirement (as a consequence of Theorem 1 below), which is simpler to check in practice, and which we now describe.
We come back to the general d-dimensional setting. We start by recalling the form of d-dimensional wavelet bases.
where
(Note that, in (8) wavelets are not normalized for the L 2 norm but for the L ∞ norm, and, accordingly, the normalisation of the wavelet coefficients is in L 1 for the same reason as in (7).) Wavelets will be indexed by a subset of the set of all dyadic cubes as follows: We can consider that i takes values among all dyadic subcubes λ i of [0, 1) d of width 1/2 except for [0, 1/2) d ; thus, the set of indices (i, j, k) can be relabelled using dyadic cubes: λ denotes the cube {x :
, and c λ = 2 dj ψ λ (x)f (x)dx. We will use the notations c (i) j,k or c λ indifferently for wavelet coefficients. Note that the index λ indicates where the wavelet is localized; for instance, if the wavelets ψ (i) are compactly supported then ∃C : supp(ψ λ ) ⊂ Cλ where Cλ denotes the cube of same center as λ and C times larger; thus the indexation by the dyadic cubes is more than a simple notation: The wavelet ψ λ is "essentially" localized around the cube λ.
We denote by Λ the set of all dyadic cubes which are used to index wavelets, and by Λ j the subset of Λ composed of the dyadic cubes of width 2 −j . The classes of infinite matrices acting on sequences indexed by λ are defined as follows. 
The following result was proved by Y. Meyer, see [20] . Theorem 1. If γ > 0, then M γ is an algebra. Furthermore, if (ψ λ ) and (ψ λ ) are two r-smooth wavelet bases, then the matrix A(λ, λ ′ ) = ψ λ |ψ λ ′ belongs to M γ as soon as γ < r. We denote by Op(M γ ) the space of operators whose matrix on a γ ′ -smooth wavelet basis (for any γ ′ > γ) belongs to M γ . This definition makes sense precisely because Theorem 1 implies that this notion does not depend on the (smooth enough) wavelet basis which is used. Pseudodifferential operators of order 0, such as the Hilbert transform in dimension 1, or the Riesz transforms in higher dimensions, belong to the algebras Op(M γ ) for any γ, see Chap. 7 of [20] . In practice, in order to check that a criterion based on wavelet coefficients does not depend on the particular wavelet basis which is chosen, one checks the stronger requirement that it is invariant under the action of M γ for a γ large enough.
Definition 8. Let E be a Banach space (or, more generally, a complete vector space with a quasi-norm); E is γ-stable if the operators of Op(M γ ) are continuous on E.
A sequence (e n ) n∈IN is a basis of E if the following condition holds: For any element f in E, there exists a unique sequence c n such that the partial sums N n=1 c n e n converge to f in E. It is an unconditional basis if furthermore ∃C > 0, ∀N ≥ 1,
Remark. The definition of a basis is usually given in the context of Banach spaces, see [26, 28] . However it extends immediately to the non-locally convex case, which will be useful in the following.
If the space E is not separable then, of course, it cannot have a basis in the previous sense. In this case, the following weaker notion is used.
Definition 9.
Assume that E is the dual of a separable space F ; then a sequence (e n ) is a weak * basis of E if, ∀f ∈ E, there exists a unique sequence c n such that the partial sums n≤N c n e n converge to f in the weak * topology. It is unconditional if furthermore (10) holds.
The properties of weak * bases have been extensively studied by I. Singer, see [26] and references therein. In both settings, if e n is unconditional, then the norm (resp. quasi-norm) on E induces a norm (resp. quasi-norm) on the sequences (c n ) n∈IN by the formula
where the supremum is taken on all sequences |ε n | ≤ 1; if the basis is unconditional, then the sequence norm thus defined clearly is a robust norm. Note that the sequence space norm associated with a Schauder basis (e n ) is usually defined by
in the unconditional case, the norm we defined is clearly equivalent to this one; we prefer it because it satisfies obviously the robustness property stated in Definition 5.
The use of specific bases is important in order to understand fine properties of functions, or stochastic processes. A remarkable example is supplied by Z. Ciesielski's decomposition of the Brownian motion on the Schauder basis of [0, 1], see [5] ; this basis is composed of the "hat functions" ∆(2 j x−k) (Λ is supported on [0, 1] where ∆(t) = inf(t, 1−t)); then,
where ξ 0 and the ξ j,k are I.I.D. normal centered Gaussians. This decomposition has many remarkable features, and, in particular, allows to derive subtle pointwise properties of functions; for instance it was used by J.-P. Kahane to obtain the existence of slow points of the Brownian motion, see [16] . If x 0 ∈ IR d , then λ j (x 0 ) denotes the unique dyadic cube of width 2 −j which contains x 0 . Assume that E is a γ-stable space and that wavelets are either an unconditional or a weak * unconditional basis of E. We can easily deduce from (11) a condition satisfied by the wavelet coefficients of the functions of C α E (x 0 ); let us denote by A E j (x 0 ) the quantity
Proposition 1. Let E be a γ-stable complete metric stable space endowed with a norm or a quasi-norm. Let (ψ λ ) λ∈Λ be a compactly supported (smooth enough) wavelet basis.
First note that, if E is γ-stable, any wavelet basis which is γ ′ -smooth for a γ ′ > γ can be used to characterize the norm in E, and we can use in particular a compactly supported wavelet basis. Let D be a large enough constant and g be a distribution which coincides with f (x) − P (x − x 0 ) on B(x 0 , D2 −j ). The conclusion of Proposition 1 follows by applying the wavelet characterization of E and noticing that, if D is large enough and λ ⊂ 3λ j (x 0 ), then the corresponding wavelet coefficients of f and g coincide.
Meyer proved that the condition given by Proposition 1 characterizes C α E (x 0 ), see [14, 21] . Our purpose in the following section is to prove that it is also the case if
4. The T p α (x 0 ) spaces. First, let us extend the definition of T p α (x 0 ) regularity and show how it can be defined for exponents p outside of the range (1, +∞). If p = +∞ or if p ≤ 1 then the L p spaces do not have the stability properties that we mentioned above (even the least stringent one, namely the continuity of the Hilbert transform, fails). The "natural extension" of the L p spaces outside of the range p ∈ (1, +∞) which has these stability properties is supplied by the space BMO for p = +∞ and by the real Hardy spaces H p for p ≤ 1. These spaces have a robust wavelet characterization (in the sense supplied by Definition 5) and, as regards Hardy spaces, this characterization has the same form as the wavelet characterization of L p . Let us recall the corresponding definitions and characterizations.
Definition 10. Let p ≤ 1. A p-atom is a function a(x) supported in a ball B, and such that
c n a n where each a n is a p-atom and
The quasi-norm of f in H p is inf(
where the infimum is taken on all possible decompositions of f as a linear combination of p-atoms.
If f ∈ L 2 loc and B is a ball, then let
loc and satisfies
where the supremum is taken over all balls of IR d .
Note that f BM O only is a semi-norm since BMO is defined modulo constant functions. If 0 < p < 1 then H p is not a locally convex space; f H p is only a quasi-norm, i.e. satisfies ∃C > 0 :
However, f − g p defines a distance on H p . The wavelet characterizations of these spaces are given by the following theorem, see [20] . Theorem 2. Let ψ λ be a r-smooth wavelet basis with r > sup(0, d(
) if and only if its wavelet coefficients satisfy
A function f belongs to BMO if and only if its wavelet coefficients satisfy ∃C, ∀λ,
Wavelets are unconditional bases of the spaces L p and H p , see Chapter 6 of [20] . They cannot be unconditional bases of BMO since this space is not separable; one can check this fact as follows: Let ψ(x) be the Haar wavelet (ψ is supported by (0, 1) and takes values 1 on [0, 1/2) and −1 on [1/2, 1)). Then an easy computation shows that the BM O semi-norm of the function a k ψ(x − k) is equivalent to the l ∞ norm of the sequence a k ; therefore a subspace of BM O is isomorphic to l ∞ . However, wavelets are weak * unconditional bases of BMO (for the H 1 -BMO duality). The following definition is the natural extension of T p u (x 0 ) outside the range p ∈ (1, ∞):
u (x 0 )}. The motivations for considering these new types of pointwise conditions are of a different nature for p = ∞ and for p ≤ 1. If p = +∞, then the T ∞ α (x 0 ) condition is the sharpest condition which is implied by C α (x 0 ) and can be characterized by a condition bearing on the moduli of the wavelet coefficients of f ; it is therefore stronger than the two-microlocal conditions f ∈ C α,−α (x 0 ) of [8] . In particular, while the two-microlocal condition can be satisfied by distributions which do not coincide with a function in a neighbourhood of x 0 , the T ∞ α (x 0 ) wavelet characterization implies that (3) holds for any p < ∞. If p < 1, then the condition f ∈ H p loc , allows to deal with singularities such as |x − x 0 | −a near x 0 for a < d/p; therefore using arbitrarily small values of p allows to deal with singularities of arbitrarily large exponent a, which is needed in several applications, see [1] .
The local square functions at x 0 are
Theorem 3. Let p ∈ (0, ∞), α > −d/p and assume that the wavelet basis used is rsmooth with r > sup(2α, 2α + 2d(
where 2 −l is the width of λ and 2
−j
′ is the width of λ ′ . Conversely, if (14) holds (or if (15) holds in the case p = +∞) and if α / ∈ IN, then f ∈ T p α (x 0 ). This theorem will be proved in two steps. First, we will show that it holds if the wavelets used are compactly supported, and afterwards, we will show that the elements of M γ are continuous on the space defined by (14) ; using Theorem 1, this will imply that the characterization holds for any (smooth enough) wavelet basis. If the wavelets are compactly supported, then the direct part of the theorem is just a special case of Proposition 1. Let us now prove the converse part, still in the case of compactly supported wavelets. We can forget the "low frequency component" of f corresponding to j < 0 in its wavelet decomposition, since its contribution belongs locally to C r (IR d ) (for r-smooth wavelets). Let Λ j denote the set of dyadic cubes of width 2 −j , ∆ j f = λ∈Λj c λ ψ λ , and let P j (x − x 0 ) denote the Taylor polynomial of ∆ j f of degree [α] at x 0 ; (14) or (15) 
Let ρ > 0 be fixed and let J be defined by 2 −J ≤ ρ < 2 · 2 −J and L be a constant which will be fixed later, but depends only on the size of the support of the wavelets. If j ≤ J + L, then at most C of the ψ λ have a support intersecting B = B(x 0 , ρ) and each of them satisfies (16) . It follows from Taylor's formula that, if x ∈ B and j ≤ J + L, then
and therefore
It follows also from (16) 
Let now
where L has been picked large enough so that both functions coincide on B. Using the wavelet characterization of L p , the right hand side is bounded by
The required estimate for (f − P (x − x 0 ))1 B(x0,ρ) p follows immediately from (17) , (18) and (19) . The case p = ∞ is completely similar.
Remark. Assume now that α ∈ IN. We can return to the previous proof and subtract only Taylor's expansions of degree α − 1 (i.e. reproduce exactly the same proof with the convention [α] = α − 1). Then all points of the proof run the same except for the derivation of (17); indeed, each term of the sum is now bounded by a constant. It follows that the bound obtained there is Cρ α log(1/ρ). Thus, if α ∈ IN and if (14) holds (or if (15) holds in the case p = +∞) then f satisfies ∃R, C > 0 and a polynomial P of degree less than α such that
In order to end the proof of the theorem, we still have to show that the following theorem is true. Proof. We have to prove that, if A is a matrix in M γ and if a sequence C = (c λ ) satisfies ∀j ≥ 0,
then AC satisfies the same estimate. Let us start by introducing a fex notations; if p > 0, then E p will denote the sequence space of (c λ ) indexed by the dyadic cubes and endowed with the norm (or quasi-norm)
If µ j (= µ j (x 0 )) denotes the collection of those cubes from Λ which are included in 3λ j (x 0 ) and are not included in 3λ j+1 (x 0 ), then, the µ j form a partition of Λ. Let 
Indeed, (22) is weaker than (21) since the sum in (22) bears on less terms. Assume now that (22) holds; note that D j = j ′ ≥j E j . If the space considered (L p or H p ) is a Banach space (i.e. when p ≥ 1), then
−(α+d/p)j .
If p < 1, one applies the same argument to D j p p , which satisfies the triangular inequality. Let us return to the proof of Theorem 4. Let A λ,λ ′ be an infinite matrix in M γ . We definec
Because of Lemma 1, we only have to estimate the norm ofC = (c λ ) restricted to µ j ; for that, we will estimate the norm of eachC In order to deal with the case |j − j ′ | > 3, we first prove the following lemma.
as shown by A. Kamont and B. Wolnik in [18] . Actually, the answer is given by a particular kind of oscillation spaces defined as follows: let d λ = sup λ ′ ⊂λ |c λ ′ |. Then
Assume that ∃ε > 0 such that f ∈ C ε (IR d ), and denote by δ the upper box dimension of the graph of f ; then δ = sup d, d + 1 − sup{s : f ∈ O s,1 ∞ } , see [9, 10] . A. Kamont solved the problem raised by Z. Ciesielski completely by showing how to derive the lower box dimension of the graph of a function from its wavelet coefficients, see [17] .
